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New Form of Kane’s Equations of Motion
for Constrained Systems

Abdulrahman H. Bajodah,* Dewey H. Hodges," and Ye-Hwa Chen*
Georgia Institute of Technology, Atlanta, Georgia 30332

A differentiated form of the constraint equations, that is, in terms of accelerations, is incorporated into Kane’s
equations for nonholonomicsystems, resulting in equations of motion that are both full order and separated in the
generalized accelerations. This means that the time derivatives of all generalized speeds appear in the equations, but
only one in each equation. Thus, one obtains a single set of consistent equations without reducing the dimensionality
of the space of generalized speeds from the number of generalized coordinates to the number of degrees of freedom.
Furthermore, this full dimensionality is maintained without employing Lagrange multipliers. Finally, a systematic
method to obtain analytical expressions for the constraint forces is derived. The resulting formulation is believed
to be simple and useful in performance analysis and control system design for constrained dynamical systems.

Nomenclature

A AL A, = constraint matrices

RqP = accelerationof P in an inertial frame R

B = simple nonholonomic constraint residual matrix

B; = ithrigid body

C,D = kinematical transformation matrices

F, = resultant constraint force on the ith particle

F"Q] = resultant constraint force on a specified
point Q; of the jth body

F., Fr = rth generalized holonomic active, inertia force

Fro = rth generalized constraint force

F., Fr rth generalized nonholonomic active,
inertia force

I, = moment of inertia of the ith body parallel
to its angular velocity vector

K,, K, = kinetic energy gradients

kPi kB, K = Kinetic energy of the ith particle,
the ith body, the system

L = acceleration-independent components
of holonomic generalized inertia forces
column matrix

M = unconstrainedinertia matrix

M;;] = resultant constraint moment on the jth body

mp,, Mg, = mass of the ith particle, ith body

N,R = kinetic energy matrices

n = number of generalized coordinates

P; = ithparticle

p = number of degrees of freedom

0 = generalized unconstrained inertia matrix

0; = specified point on the ith rigid body

q,, 4 = rth generalized coordinate, generalized

coordinates column matrix

R = inertial reference frame

R; = resultant active force on the ith particle
T,T, = generalized constrained inertia matrices
T; = torque on the ith body
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t = time

Uy, up = independent, dependent generalized speeds
column matrix

U, u = rth generalized speed, generalized speeds
column matrix

vPi w2 pB" = velocity of ith particle, velocity of a specified
point Q; of the ith body, velocity of center
of mass of the ith body in an arbitrary
reference frame

V.,V = rth holonomic, nonholonomic partial velocity

Ryr = velocity of P in an inertial frame R

w = inverse of kinematical transformation matrix C

w = transformed generalized speeds column matrix

Z, = resultant force on a specified point Q;
of the ith body

v, = number of particles, number of bodies
comprising the system

D, D, = generalized speeds transformation matrices

w,, @,w% = rth holonomic, nonholonomic partial angular

velocity, angular velocity of ith body, in an
arbitrary reference frame

Introduction

HE first step in dynamic system analysis,design, and/or control

is the formulation of a mathematical model. There is no single
method to obtain a mathematical model for a dynamic system and
no single form of the resulting equations. However, with the contin-
uous increasein complexity of dynamic systems in industry, such as
mechatronicsystems, chemical plants, and flexible aerospace struc-
tures, thereis a growingneed to enhance the capabilitiesof modeling
techniques for such systems.

In classical mechanics, the modeling process starts by applying
the physical laws and constitutive laws, namely, Newton’s laws,
Lagrange’s form of d’Alembert’s principle, or Lagrange’s equation
of motion. Then the process relies on available mathematical tools
to cast the equations into the simplest useful form. This renders the
modeling process to be dependent on both the application as well
as the analyst’s ability. The advancementin digital computers has
motivated the algorithmic approach of the modeling process. One
of the key developments in this arena is the approach popularly
referred to as Kane’s method and the associated Kane’s equations.
The major framework was first publishedin 1965 (see Ref. 1).

Kane’s method implements the concept of generalized speeds
(quasi-velocity coordinates) as a way to represent motion, similar
to what the concept of generalized coordinates does for the con-
figuration. This implementation allows one to focus on the motion
aspects of dynamic systems rather than only on the configuration
Therefore, it provides a suitable framework for treating nonholo-
nomic constraints. In the past, such constraints were a hurdle in
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the process of obtaining equations of motion for dynamic systems.
Generalized speeds provide the formulation process with a desir-
able flexibility because they can be chosen to satisfy the needs and
interests of the designer. The choice of the generalized speeds is
crucial because they significantly affect the simplicity of the re-
sulting equations of motion.> Historically, it should be recognized
that the implicit use of generalized speeds goes back at least to the
Gibbs—Appell equations (see Refs. 4 and 5).

The similaritiesand differencesbetween Gibbs—Appell equations
and Kane’s equations have been the subjects of interest and debate
(seeRefs.6-17). The notionof generalizedspeeds can be considered
the main common feature and the source of power for both. Kane’s
method adoptsa vector approach that inspired useful geometric fea-
tures of Kane’s equations(see Ref. 18). The generalizedactive forces
and generalizedinertia forces are obtained by scalar (dot) multipli-
cations of the active and inertia forces, respectively, with the vector
entities partial angular velocities and partial velocities. This process
delicately eliminates the contribution of constraint forces. We note
that Kane’s method shares this property with Lagrangean mechanics
formulations,but withoutinvokingthe principleof virtual work. For
the purpose of bringing these forces into evidence, auxiliary gener-
alized speeds, that is, fictitious degrees of freedom that violate the
constraints, may be introduced > The resulting equations are simple
and effective in describing the motion of nonconservativeand non-
holonomic systems within the same framework, requiring neither
energy methods nor Lagrange multipliers.

Kane’s equations have been applied to the formulation of ex-
plicit equations of motion for complex flexible structures (Kane
and Levinson'®), as well as to formulate computationally efficient
equations of motion in the area of robotics.2*?! Among the recent
applications of Kane’s method are the formulations of highly spe-
cialized computer-based methodologies for modeling and simula-
tion of multi-rigid- and flexible-body constrained systems*’~27 and
the structural dynamic analysis of these systems.?® The equations
are equal in number to the number of degrees of freedom of the sys-
tem. They can be put in full- or reduced-order form in terms of the
dimension of the space of generalizedspeeds. Making use of known
techniquesfor the nonholonomic,full-ordercase, one cannotput the
equationsin a form such thatthe time derivativeof only one general-
ized speed appearsin each equation. In such cases, these equations,
together with the kinematical differential equations and the con-
straint equations, can be solved numerically in two ways. One way
is with the aid of differential-algebraic equations (DAE) solvers.
This form may cause difficulties for dynamic analysis and control
because most of the available time-domain techniques related to
these subjects are based on state-space models that are separated
in the derivatives of the states (position and velocity variables). In
this paper, the acceleration form of constraintequations is utilized
to resolve this difficulty. Historically there has been little mention
of systematic use of the accelerationform. One reasonis perhapsits
lack of a “physical” interpretation. The general understanding was
that most, if not all, physical constraints are either in the zeroth-
order, that is, finite, form or first-order form. The other way, of
course, is to rewrite the equationsin the reduced-orderform and in-
vert the mass matrix to achieve a separated form, state-space model.
This is not always desirable for reasons to be specified.

Among the exceptions, Pars?® adopted the acceleration form
(which was called the third form of the fundamental equation) and
explored a number of important applications. By suggesting the
possibility of a large acceleration change, one is able to analyze
problems in which the accelerationis discontinuous (such as a ball
rolling off a table). In Ref. 29, the third form was also used to prove
Gauss’s principle

More recently, the acceleration form of constraints was utilized
in the methods of coordinate partitioning’'-*> and undetermined
multipliers**3* for constraineddynamicsystems. Both methodslead
to elimination of the Lagrange multipliers. The resulting equations,
together with the acceleration form of constraints, constitute two
sets of differential equations. These equations can be integrated si-
multaneously. They can also be reduced to one set of differential
equations in the independent accelerations by using the constraint
equations to eliminate the dependent generalized speeds. However,

these two sets of differential equations do not constitute, with the
kinematicdifferentialequations,a separated-in-acceleations, state-
space model description of the dynamic system because more than
one acceleration term appears in the same equation. Therefore, this
form cannot make use of certain techniques for studying the generic
features of dynamic systems, such as stability, chaos, bifurcation,
etc. On the other hand, the reduced set of equations can be used
to form a state-space model if the constraint equations are used to
eliminate the dependent velocities from the kinematic differential
equations. This is actually desirable because the resulting equations
are free from the constraint drift problem that results from numer-
ical integration. Nevertheless, there are applications under which
the appearance of all acceleration terms is important. For example,
stability deduced from the reduced form cannot guarantee a stable
behavior of the dependent velocity variables. This leaves the de-
signer with the choice of adjoining the unconstrained differential
equations with the algebraic constraint equations by a set of La-
grange multipliers and thereby increasing the number of equations
and variables. This type of model was used, for example, in the con-
trol of nonholonomic systems,* the solution of inverse dynamics
problems,’®37 the dynamic analysis of flexible structures,’®* and
in conjunction with the finite element method for modeling flexible
joints in multibody systems*’ Besides the increase of dimension-
ality, when using Lagrange multipliers one runs into the difficulties
of controlling DAEs and the costly process of solving for and/or
controlling the multipliers.

For those reasons, it is highly desirable to obtain a mathematical
model that is full order, separatedin the accelerations,and involves
no Lagrange multipliers. This implies obtaininga nondeficient “con-
strained” inertia matrix thatyields (on inversion)an explicitdescrip-
tion of each of the accelerations in terms of only the configuration
and kinematic variables and, possibly, time. The first step in this di-
rection was the Udwadia—Kalaba equation.*'*?> The derivation uti-
lizes the accelerationform of the constraintequations, together with
the generalized Moore—Penrose inverse of a scaled constraint ma-
trix. Further work in adopting the acceleration form of constraint
equations may be found in Refs. 43-46, for example. When the
mathematical conformity of the accelerationform of constraints was
taken advantage of with the dynamics of the system, explicitexpres-
sions for constraintforces were derived withoutany need to appeal to
the free-body approach. This is particularlyimportantin Lagrange’s
mechanics formulations when the active forces are dependenton the
constraint forces, as it is in the case of friction forces.*’

In the present paper, we take the advantage of the acceleration
form of the constraint equations together with the tangential prop-
erties of Kane’s method to derive a version of Kane’s equations
for nonholonomic systems that is both full-order and separated in
the derivatives of the generalized speeds. The contributions pre-
sented are threefold. First, we prove that a square matrix inversion
is always possible for all configurations and velocities that satisfy
the constraints and all choices of generalized speeds, except for
certain configurations of systems that involve toggle positions. Sec-
ond, Kane’s equations can be separated in the time derivative of the
generalized speeds in the full-order nonholonomic case. Third, we
outline a process for obtaining an explicit form of the constraint
forces from these equations without the introduction of auxiliary
generalized speeds or Lagrange multipliers.

Unreduced Kane’s Equations for Nonholonomic Systems

Consideran inertialreferenceframe R in whichn generalizedco-
ordinatesare used to describethe configurationof a set of v particles
and p rigid bodies forming a nonholonomic system S possessing p
degrees of freedom. Let R; be the resultant active force on the ith
particle P;. The resultant active forces on the i th rigid body B; are
equivalentto a force Z; on a point Q; on B;, together with a torque
T;. Kane’s equations of motion can be put into the form (Kane and
Levinson?)

I:“,.(q,u,t)—l—lj“,_'(q,u,tl,t):O, r=1,....,p (1)

where g denotes a column matrix containing the generalized co-
ordinates q, ..., ¢, and u denotes a column matrix containing the
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generalizedspeedsu,, ..., u,. Wereferto u, the derivativeof u with
respect to time ¢, as the generalized acceleration. The generalized
speeds u, satisfy the kinematic differential equations (see Ref. 2,
p. 46)

g=C(g,u+D(q,1) (2)

where ¢ =dg/dt, C eR"", DeR", C~!
all t e R.

exists for all ¢ € R", and

Remark: A simple choice of generalizedspeedsis u = g, obtained
by setting C(q, t) to be the identity matrix /, «, and D(q, t) a col-
umn matrix with n zero elements. For this choice of generalized
speeds, the final form of Kane’s equationsis reduced to Lagrange’s
equationsif equationsare formed in full symbolic form. This choice
does not usually yield the simplest form of the equations of motion.

To illustrate the method, the generalized speeds are assumed to
satisfy the simple nonholonomickinematic constraint equations

)4
P+)‘=ZA;'.;M.;+B)‘9 r=1""

s=1

,n—p (3)

where the scalars A, and B, are functions of the generalized coor-
dinates g, ..., q, and f. Let

w=lu-ou, ) = |ul ol )

where u; = u; ---u,|" andup =|u,,---u,]”. Hence, the ma-
trix representationof Eq. (3) is

up = A(g,tu; + B(q, 1) (5)

where A € ]R(:’ ~P>*7 and B € R"~”. The nonholonomicgeneralized
active force F, is

ﬁ.(q,u,t) = Xv:(ﬁ')l’, + Xu:(ﬁr)m = szf’fi ‘R;

i=1 i=1 i=1

+ZVQ' Z+Z"’- . r=1,....p 6)

i=1

where 3/, 52" are the rth nonholonomic partial velocities of P; and

0, respectwely, and w,_' is the rth nonholonomic partial angular
velocity of B; (Ref. 2). The relation between the holonomic and
nonholonomic partial velocities and partial angular velocities are
given by (see Ref. 2, P. 48)

n—p
;,.=V,.+ZVF+IYA”, r=1,...,p @)
s=1
and
n—p
@0, =w, + WpisAg, r=1,...,p ®)

s=1

Therefore, Eq. (6) becomes

;= z( $na )

i=1 s=1

i=1 s=1

i=1 s=1

n—p
= B+ ) FpiAy  r=lo..p ©

s=1

In a similar manner, the nonholonomic generalized inertia force is
expressed in terms of the holonomic generalized inertia force as

._F'+Z * Ay r=1,....p  (10)

s=1

From Egs. (9) and (10), Eq. (1) can be written as (see Ref. 2, p. 324)

n—p
Fo+F 4y (Fpus+FiL)A, =0, r=1,...p (D

s=1

DifferentiatingEq. (5) with respectto ¢, and dropping the arguments
of the matrices for simplicity, yields

ip = Au; + Aii; + B (12)

which can be written as

A= Au; + B (13)
where

A =[-A I (14)
Equation (11) can be written in matrix form

A, F* = —A,F (15)
where

Ay =[I A"] (16)

The velocities and angular velocities of the particles and bodies
comprisinga dynamicsystemare linearin the generalizedspeedsu,.
Hence, the accelerations, angular accelerations, and consequently
the generalized inertia forces are linear in #, . Therefore, F'* can be
written in the following form:

F*=—Q(q, i — L(q,u,1) a7
Then, Eq. (15) becomes
A 0(q,u = —A,L(q,u,t) + A F (18)
Equations (13) and (18) can be used to form the matrix system

Ti = [[Au, + BI" [Ay(~L+ P |" (19)
where T =[A,” [A,0]7]" is invertible, except at toggle positions
(where elements of the matrix A reach infinite values). To prove
this we note that, because A; A7 =0, the row spaces of A, and A,
are orthogonal complements, with dimensionsn — p and p, respec-
tively. It was shown in Ref. 18 thatu can be chosen such that Kane’s
equations are decoupled, that is, each equation contains only one
element of #. This correspondsto the case when A, Q is the first p
rows of the identity matrix I, , ,, scaled by the inertia parameters of
the system. Because the right (n — p) x (n — p) submatrix of A; is
the identity /, _ , x (x — »)» We conclude that T is invertible for this
particularchoice of generalized speeds. Denoting these generalized
speeds by w and the corresponding matrix 7 by T,,, we now let u
be any set of generalized speeds defined for the system. Then there
exists a unique transformation between w and u, as can be seen by
equating the right sides of the equations

=Ci(qg,)w + D(q,1) (20)
g = Cy(q, hu + Dy(q, 1) 2D
which gives
w=®(q,Hu+ P,(q,1) (22)
where
¢ =C"'C (23)

®,=C,"" (D, — D)) (24)
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Obviously, @, is invertible. Then we have
Ti=To w—To ' (du+ d,) (25)

sothat7, = Td)l’l . This transformationimplies that the rank of 7" is
nolessthanthatof T,,, which completesthe prooffor the invertibility
of T. Therefore,

i=T"[Au, + B [Ay—L+ P | (26)

The required inversion of the matrix 7 in getting from form (19)
to form (26) can be done numerically online for the purpose of time
simulations. However, to obtain the analytical form of the equations,
the symbolic inversion of the matrix 7T is needed, which cannot be
done for excessively large fully populated matrices.

Remark: The holonomic and nonholonomic partial veloci-
ties/angular velocitiesare relatedto each othersby the scalars Ay, , as
seen from Eqs. (7) and (8). This causes A to appear in the equations
of motion (15), besides its appearance in the constraint equations
(13).This is akey pointin the derivation,becauseit providesa math-
ematical relationship between the constraints and the constrained
motion.

Remark: The possible configurations of the dynamic system
might involve singular configurations that cause numerical explo-
sions of the constraint matrix A for a specific choice of the inde-
pendent generalized speeds u;, for example, a toggle position of a
four-bar linkage. In this case, different choices of #; must be em-
ployed in the neighborhoodsof these configurations such that finite
values of the elements of the matrices A; and A, are obtainedand T
remains invertible. This is equivalentto the existence of C; for these
configurations. The dependency of the constraintequations does not
affect the invertibility of T because A and A, always have linearly
independentrows, regardless what (finite) values the elements of A
might have. Thus, one need not assume that the constraintequations
are linearly independent, and any set of constraintequations can be
included without the need to extract the largest independent set.

Let us now consider the nature of matrix Q by using the kinetic
energy of the system. For a nonholonomicsystem of v particles and
w rigid bodies, the rth nonholonomic generalized inertia force can
be written as (see Ref. 2, p. 153)

n—p n
~ d (9K IK
F*=F* E F* A,.,:—E =) -—
" 7t P [dt(aq,-) 3%}

s=1 s=1

n—p
x(W”—i— W‘,.VFHA,(,), r=1,...,p 27

k=1

where W =C~'(q, t) and K is the kinetic energy of the system in
the reference frame in which the velocities and angular velocities of
the system components are defined, given by

K:ik”" —l—ik”" =%impi(vp")2

i=1 i=1 i=1

RN ‘ 1 ,
30 mp 07 5 ) Iy ) (28)

i=1 i=1

Note that K can also be represented as
K =2u"M(q,t)u + N(q,)u + R(q, 1) (29)

where M e R"*" N e R'*" and R € R. Hence,

dK 9K D
=== (30)
aq du dq

oK
— =[u"M + NIW (31)
dq

Therefore, the matrix representationof Eq. (27) is

d
A F*=—A,WT (E[WTMM +WINT]— Kj)

d d
=AW W Miu+—[W'M —[WTNT]— KT
2 ( it WM ] q>

(32)
where
K,=1K, ...K,| (33)
0K
K,=— 34
"= % (34)

If Eq. (17) is multiplied by A, and compared with Eq. (32), we
obtain

0=W'w'm, (35)
L=wT" E[WTM]u—l—g[WTNT]—KT (36)
dr dr a

Although Q is not necessarily symmetric, its spectrum set satisfies
spec[Q] = spec[WT MW] = spec[M] 37)

Therefore, provided that M is positive definite, Q is of full rank
and has positive real eigenvalues. Hence, the row subspaces of A,
and A, QO have the same dimension,and the invertibilityof 7 implies
that they are the same subspaces.

Remark: Equation (18) can also be obtained by the well-
establishedmethod of coordinatepartitioning >! The presentmethod
for yielding this result 1) reveals the special structures of matrices
A, and A, and 2) allows us to use the kinematic transformation
capability of the generalized speeds to prove the safe invertibility of
the augmented coefficients matrix 7" for suitable choices of u; and
consequently the unreduced form, Eq. (26).

Remark: Tt is not desirable to use kinetic energy to derive the
matrices Q and L. Itis easier to obtain F* directly by constructing
the appropriate acceleration and inertia torque vectors.

The procedure of using the accelerationform of constraintsin ob-
taining full-order and separated-in-accelerations equations of mo-
tion is summarized as follows:

1) A set of generalized speeds satisfying Eq. (2) is chosen. The
dependency among the set is described by Eq. (5). The matrix A is
usedto constructthe matrices A, and A,. If configurationconstraints
are involved, the correspondingequations are differentiatedin time
to appear in the same kinematic form.

2) Equation (5) is differentiated in time, resulting in Eq. (13).

3) Expressions are obtained for holonomic partial velocities/ang-
ular velocities by inspecting the corresponding expressions for lin-
ear/angular velocities, as the coefficients of the generalized speeds.

4) Holonomic generalizedactive and inertia forces are found from
the scalar (dot) product of the impressed and gravitational forces
with the holonomic partial velocities/angular velocities, and used
together with A, to form Eq. (18).

5) Equations (13) and (18) are used to form the matrix equation
(19), and T is inverted to yield the resulting equations of motion
(26).

Mlustrative Examples

The following two examples illustrate the procedure:

Example 1 is that of the motion of a particle subjected to holo-
nomic constraints. Consider the three-dimensionalmotion of a par-
ticle P of mass m as shown in Fig. 1. Let R be an inertial frame in
which the coordinate system (X, Y, Z) is fixed, r be the radial dis-
tance from the origin of (X, Y, Z), 6 be the polar angle from the X
axis, and ¢ be the cone angle from the Z axis. Assume that the parti-
cle’s motion is restricted by the holonomic constraintr¢ = ¢, where
¢ is a nonzero constant. Because of the nature of the constraint, it
is more convenientto use the spherical coordinate system (r, 6, ¢).
Let the particle be at the origin of the coordinate system (X', Y,
Z') where X' is along r, attached to a unit vector i, and pointing
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z X
N\ i/
kK —7

i

0 / Y
Fig.1 Schematic for example 1.

outward relative to O; Y’ is parallel to the XY plane, attached to a
unit vectorj pointing to the positive rotation directionrelative to the
Z axis; and Z’ is perpendicularto both x” and y’, attached to a unit
vector k such that k =i x j. Assume that the resultant active force
on the particle is given by

F =Fi+ Fj+ Fsk (38)
The particle’s velocity in R is
RyP = fi +r sin ¢ — rok (39)

Let the generalized speeds be u; =7, u, = r sing, and uz = —ré.
Then one can write

RyP = uyi+ urj + usk (40)

so that the partial velocities are v| =i, v, =j, and v; = k. The accel-
eration of the particlein R is

RdR P 2 2

v R us; +u .

RuP i, 2 3 i
dr r

uu Ui . uu U2
+(u2+ ‘2——“>j+(u3+ ‘r3+ 2 )k (41)

r rtan¢ rtan¢
The generalized inertia forces are
Fi==ma" vy = —m{i, = [(3+6) /r]}  @2)

R P

Fy =—-m"™a" -vy = —m(y + uyuy/r — uyuz/rtang)  (43)

F;:—mRuP-v3=—m(u'3+u1u3/r+u§/rtan¢) (44)

In matrix form,
-m 0 0 U
FF=|1 0 —m O Uy
0 0 —m U3

m[ (43 +u3)/r]
+ m(uyus/rtang — uus/r) (45)
m[—(u1u3/r) - u%/rtanqﬁ]

The generalized active forces are

Fi=F-vi=F (46)
F,b,=F -vy=F, (47)
F;,=F-v;=F, (48)

Differentiating the holonomic constraint 7¢ = ¢ with respect to ¢
yields

Fop+rd=0 (49)
or
Uy = ¢u, (50)
Therefore,
A=lp 0] (51)
B=0 (52)

Differentiating the constraint matrix A with respectto ¢ yields
A=|=(s/r) 0] (53)
Also,
Aj=[-A Il=|—-¢ 0 1] (54)

Thus, Eq. (13) for this system is

1
l—¢ 0 1]4 i ={—ﬂ o“”‘} (55)
. r Uy

On the other hand,

A, =[I AT (56)

1o
A2_|:O 1 0} 57

so that Eq. (18) for this system is

10
01 0 .

m[ (3 +)/r]

+ m(uyuz/rtang — uu,/r)
m[—(ulug/r) - u%/r tan¢]
bl
= - Fy (58)
01 0 P
or
|:—m 0 —m¢:| :
U, =
0 —m 0 .
us

=—m[(u§+u§)/r] +m¢(u1u3/r+u§/r tan¢) —F, —¢F,

—m(uyus/rtang — uuy/r) — Fy

(59)
Therefore, Eqgs. (55) and (59) can be used to form the matrix system
[—¢ 0 1 iy
-m 0 —m¢ uy ¢ =
—(uyusz/r)
—(m/r)[u% +ul — pujuz — ¢(u§/tan¢)] —F, —¢Fsp (60)
(m/r)(uu; —uyusz/tang) — Fy
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When u is solved for,

iy 6 0 1
Uy ¢ =|—m 0 —mg¢
s 0 -m 0
—(uyusz/r)
—(m/r)[u% +u3 — Puyus —¢(u§/tan¢)] — F, —¢F,
(m/r)(ujuy — upus/tang) — Fy

. -m*¢ —-m 0
-~ o0 0  —m@+1)
a
m?> —m¢ 0
—(uyu3/r)

—(m/r)[u%—l—u%—¢u1u3—¢(u§/tan¢)] —F, —¢F,¢ (61)
(m/r)(uuy — ususz/tang) — Fy
where a = m?(1 + ¢?). Therefore, the final form of the equations is

ity = (m/a)(F, + ¢ Fy) + (m? Jar)[u3 +ul — ¢ (u2 [tang)] (62)

ﬂQ =(Fg/m)—(1/7‘)(141142-142143/&11’145) (63)
iy = (me/a)(F, + ¢ Fy) + (mp/ar)
X [u% + ui — ¢(u§/tan¢)] — (uyuz/r) (64)

Remark: The particle is subjected to one holonomic constraint.
Thus two generalized coordinates and two generalized speeds are
sufficient to form the equations. However, because the holonomic
constraint equation is differentiated with respect to time, the con-
straint is treated as nonholonomic, and one pseudogeneralized co-
ordinate is added, together with one dependent generalized speed
that satisfies Eq. (7).

Example 2 is that of the motion of a particle subjected to non-
holonomic constraints. Consider the three-dimensionalmotion of a
particle P of mass m subjected to the nonholonomic constraint

y=zi+a) (65)

where « (¢) is a prescribedsmooth function of time. The active forces
in the Cartesian coordinate system (x, y, z) are Fy, F,, and F.,
respectively.Assume that (x, y, z) is fixed to an inertial frame R, and
define the generalized speeds as u; = X, u, =z, and u3 = y. Then,
the preceding nonholonomic constraint equation can be written as

s =1z 0 {Z; } +al) (66)
Therefore,
B = (1) (67)
Differentiating the constraint matrix A with respect to time yields
A=lu, 0 (68)
The matrix A, is, therefore,
A =[-A Il=[|-z 0 1] (69)

Thus, Eq. (13) for this system is

iy
u
=z 0 1J{a}=lu OJ{MI}—M} (70)
ity 2
The matrix A, is
A, =[I AT]= o= (71)
T “lo 1 0

The velocity of the particle in R is

RyP = uv; + tavy + U3 (72)

RyP = xi+ zk + yj (73)
so that v) =i, v, =k, and v; =j, where i, j, and k are unit vectors
parallel to the x, y, and z axes, respectively.

The generalizedactive forces are Iy = Fy, F, =F.,and F3 = F).
The generalized inertia forces are

Fp = —mii, (74)
F} = —mii, (75)
F} = —miiy (76)

In matrix form
-m 0 0 u
FrF=}1 0 —-—m O iy a7
0 0 —m Uy

Hence, Eq. (18) for this system is

—m 0 0 L.il Fx
1 0 z . 1 0 z
o1 0/l O T "N r="lo1 o] F
0 0 —m||i F,
(78)
or

|
3

o —m " 1o : o o
0 -m 0 “207"1o 1 0 : (79)
us F,

Equations (70) and (79) can be put in the following matrix form:

—z 0 1 u, U, + o
-m 0 —mz u, ¢ =4 —F,—Fyz (80)
0 -m 0 U3 —F.
When u is solved for,
ﬂ] —Z 0 1 [Z507%) +0(
Uy ¢ =|—-m 0 —mz —F, — F,z (81)
L’i] —(mz/a) —1/a 0 uyy +0(
Uy ¢ = 0 0 —1/m —F, — F,z (82)
i3 mja —z/a 0 —F.

where a =m(1 + z?). Therefore, the final form of the equations of
motion is

i = (—mz/a)(uuz + o) + (1/a)(Fc + Fy2) (83)
Uy = F./m (84)
uy = (m/a)(uuy + &) + (z/a)(F, + Fy2) (85)

Constraint Forces

Similar to Lagrange’s fundamental equations, Kane’s equations
do not identify the constraint forces directly. The way introduced
in Ref. 2 to bring these forces into evidence is to define a set of
generalized speeds that violate the constraints, without considering
more generalizedcoordinates. This resultsin an increasein the num-
ber of partial velocities and the number of the governing equations,
from which the constraint forces and moments are determined. The
choice of these generalized speeds is not unique.

In Ref. 33, the same issue is solved by introducing Lagrange-
multiplier-likescalars to adjointhe constraintmatrix A; with Kane’s
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equation for holonomic systems. The resulting equations together
with the constraint equations are solved for these scalars and the
generalized speeds and, hence, for the constraint forces and mo-
ments. This approachis suitable for small systems with few degrees
of freedom and small numbers of constraints. If the resulting sets of
equationsare large and complicated,the solutionsfor suchequations
become more difficult. In addition, it is not possiblein general to ob-
tain closed-form, analytical solutions for the set of multipliers and,
consequently, for the constraint forces, in terms of the generalized
coordinates and the generalized speeds.

Lesser'® suggested the method of projecting the given and inertia
forces and moments on the orthogonal complement space of the
“configuration space” spanned by the partial angular velocities and
the partial velocities. This requires finding a spanning set of vec-
tors to this defined space and solving the resulting complementary
equations for the constraint forces and moments. These equations
are coupled with Kane’s equations in case the given forces are de-
pendent on the constraint forces.

The acceleration form of the constraint equations can be used to
obtain simply and systematically explicit analytical expressions for
the constraint forces and moments. Kane’s equation for holonomic
systems is (see Ref. 2, p. 158)

F(q,u,t)+ F*(q,u,u,t) =0 (86)

Because the constraint equations are differentiated with respect to
time in our framework, it can be assumed, without loss of generality,
that the dynamic system is subjected to nonholonomic constraints
only; hence, in this context, “holonomic” and “unconstrained”’have
the same meaning. Equation (86) is considered the equation for
constraint-freesystems in this sense.

Considernow a constrainedsystem S consistingof a setof v parti-
clesand u rigid bodies. Let the resultant forces and moments exerted
on S by the constraints be the force F;, on the ith particle, Fé’/ on
the point Q; of the jth body, and the moment M% on the jth

. ' . P; Q J B
body, i=1---v, j=1---p. Also, let v,', v,’, and w,’ be
the rth partial velocity of the ith particle, the rth partial velocity
of the point Q;, and the rth partial angular velocity of the jth body,
respectively.These holonomic (unconstrained)partial velocitiesand
partial angular velocities satisfy the relations (see Ref. 2, p. 45)

n

vhi = TR (87)
r=1

i = Zu,v?" + v,Q’ (88)
r=1

wBi = Zu,.wf’ +w,B’ (89)

r=1

where n is the number of generalized coordinates, u, s are the gen-
eralized speeds defined for the system, and v,ﬂ', v,Q’, and w,H’ are
possibly time-varying functions of the generalized coordinates but
are independentof the generalized speeds. We define F¢ as the gen-

eralized constraint force the rth component of which is given by
- . . B
: : P : ; :
[T S RTINS S R SV
i=1 j=1 j=1
r=1,...,n (90)

Because the deviationin # from an unconstrained value can occur
only because of the constraint force, an equation for constrained
motion can be written by adding F° to the left-handside of Eq. (86),
so that

F(q,u,t)+ F*(q,u,u,t)+ F(q,u,t)=0 o1

The generalized inertia force column matrix for this system can be
written in terms of the kinetic energy as (see Ref. 2, p. 153)

pe—_wr[4(3K) _2K] (92)
- dr \ 8¢ dq

If the kinetic energy is represented in the form of Eq. (29), then
Eq. (92) becomes

d d
Fr=—wT (WTMu + a[WTM]u + E[WTNT] - Kj) 93)

F*=—Qu—L(q,u,t) (94)

where Q and L have the same definitions as in the preceding section.
When substituted into Eq. (91),

F(q,u,t)— Qu—L(q,u,t)+ F(q,u,t)=0 95)

Substituting the expression (26) for u into the constraints-relaxed
equation (95) and solving for F¢ gives

F'=—F(q,u,1t)+ QT

x | [Au, + BI" [Ay(~L+F)1"|" +L(g,u, 1) (96)

Although similar results can be obtained by other methods, the
present approach does not require the introduction of Lagrange
multipliers’! or of fictitious degrees of freedom that violate the
constraints?

Usually, it is not possible to construct the actual constraintforces
if more than one of these contribute to F¢. For that reason, it is
desirable in forming Eq. (91) to include only the generalized speeds
that describe the motion of one constrained point or the angular
motion of one constrained body at a time, in addition to including
the independent generalized speeds.

In some applications, the generalized constraint forces F¢ are
those of interest, and it might not be importantto calculate the actual
constraint load component magnitudes. An example is the subject
of servoconstraints, where the constraint equations (5) are require-
ments to be satisfied and F'¢ are dependenton control variables that
are determined to impose these requirements.

Remark: Generalized constraintforces derived here are inertially
basedbecausethe velocitiesand accelerationsusedto derive Eq. (96)
are in an inertial frame. In general, active forces may contain ac-
celeration terms.*® In such cases, the generalized constraint forces
would be dependent on u#. For simplicity, we consider the active
forces to be dependent only on ¢, u, and ¢, and independentof «.

The procedure for finding constraint forces is summarized:

1) Generalizedactiveandinertiaforcessatisfying (86) are derived
for the correspondingunconstrained system.

2) Expressions for generalized accelerations are obtained by the
procedure outlined in the preceding section.

3) Generalized accelerations and generalized inertia and active
forcesare substitutedinto Eq. (91) to solve for generalizedconstraint
forces.

Example 3 is that of the motion of a particle on an elliptical
path. The two-dimensional motion of a particle P of mass m in
the horizontal plane is shown in Fig. 2. The particle is forced to
follow the frictionless elliptic track formed by a rigid wire fixed to
an inertial frame R. The coordinatesystem (x, y) is fixed to R, with

y

_Jl

Fig.2 Schematic for example 3.
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itsoriginat O. A spring with a stiffness constant K and unstretched
length of zero is attached from its two ends at the particle P and
the point O. We are interested in finding the in-plane constraint
force exerted by the wire on the particle P. The elliptic motion of
P defines the holonomic constraint

ax*+ by’ =c (97)

where X = x — x,, such that xy, a, b, and ¢ are positive constants.
Differentiating (97) with respect to ¢ yields

axx +byy =0 (98)

Let the generalized speeds be u; = x and u, = y. Equation (98) can
be written as

Uy = —€U, 99)
where € = ax /by. Therefore,
A= —¢, B=0 (100)
The matrix A, is
A =[-A I]=le 1] (101)

Thus, Eq. (13) for this system is

e 1] {Z; } _ abu(—(z;;;— XUy) (102)
The matrix A, is
A, =[1 AT]1=|1 —¢] (103)
The velocity of P in R is
RyP = wji+ upj (104)

where i and j are are unit vectors parallel to the positive x and y
axes, respectively. Hence, the partial velocitiesare v; =i and v, =j.
P is subjected to the spring force

F, = —K(xi + yj) (105)
Hence, the generalized active forces on P are
F,=—Kx, F, =—Ky (106)
The accelerationof P in R is
RaP = iv)i + irj (107)
The generalized inertia forces on P are
Fr = —mRa® v, = —mi, (108)
F} = —m®a” v, = —mui, (109)

Therefore, the generalized constraint force F¢ can be written from

Eq. (91) as
Ff _|m 0 u T K X (110)
Fy 10 m||a y

Equation (15) for this system is

i a a
|l—m me]q . =—F+eFh=1—=)Kx+-=Kx, (111)
Uy b b

Equations (102) and (111) can be used to form the matrix system

Si=U (112)

o
S = (113)
—m me

where

and
U= {e‘ } (114)
€
where
0 = abu(—(z;;;— XUs) (115)
62=<1—£>Kx+21(x0 (116)
b b
When # is solved for,
w=S'U (117)
This yields
u, = (1/md)(mee, — ey) (118)
u, = (1/md)(me; + €ey) (119)
where
d=¢e>+1 (120)

Therefore, the constraint forces are found from Eq. (110) as
F{ = (1/d)(mee; —e;) + Kx (121)
Ff = (1/d)(me, + €e;) + Ky (122)
In vector form

F =[(1/d)(mee, — e;) + KxJi + [(1/d)(me, +€er) + Kylj
(123)

For the purpose of comparison, we use the method introduced
in Ref. 2 to perform the same task. The system can be described
in terms of one generalized coordinate. However, we will consider
the same set of generalized coordinates and generalized speeds as
earlier, using Eq. (98) to put the system in simple nonholonomic
form. Therefore,

RyP = wji+ upj (124)
RyP = u,[i — (a¥/by)j] (125)
RyP = u, (i — €) (126)

Hence, the partial velocity is

vi=i—¢€j 127)
The acceleration of P is
R p L. . ab(Xu, — yu,)
= - + ) — 128
a u (i —€j) +u by)? -j (128)
RaP =i+ (—iye + e))j (129)

Therefore, the generalized inertia force for the system is
F*=-mRa" v, (130)
F* = —m[du, — e €] (131)
The generalized active force for the system is
F=F;-vi=—-Kxi+y) (i—e€j (132)
F=F; - vi=—e (133)
Formulating Kane’s equation and solving for #, yields

iy = (1/d)e e — (e3/md) (134)
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which is identical to Eq. (118). Now, we introduce an auxiliary
generalized speed w such that

RyP —uyw, +wt (135)
where the partial velocity 7 is a unit vector orthogonal to the elliptic
path of P, defined by the holonomic constraint,

T=(i+j)/Vd (136)
The constraintforce F¢ = F“T is found from the equation
(—mRa® +F+F) -1 =0 (137)
which gives
—(1/Vd)me, + K (ex + y) ]+ FF =0 (138)
Therefore,
F¢ = (l/ﬁ)[mel + K(ex + y)|T
F=(e/d)[me; + K (ex +y)]i+ (1/d)[me, + K (ex +y)1j
(139)

Figures 3 and 4 show the system response to initial conditions sat-
isfying Egs. (97) and (99). Also, time simulations for Eqs. (123)
and (139) are shown in Fig. 5, and identical values are noticed for
constraint forces throughout the trajectory of the system for the
same initial conditions. However, the introduction of the auxiliary
generalized speed is not needed in the present treatment.

Remark: The values of generalized coordinates and generalized
speeds that result from integrating Eqs. (118) and (119) together
with the kinematic relations should satisfy the holonomic constraint
equation (97) and its kinematic equivalent, Eq. (99), for initial con-
ditions that abide by these equations. However, small violations of
theseequationsare noticeddue to the accumulativenumericalerrors.
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Fig.4 Example 3: time history of generalized speeds.
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Fig.5 Example 3: time history of constraint forces.

This problem is common when the equations of motion subjected
to constraints are numerically integrated and becomes tangible for
long-time simulations. A strategy for overcoming this problem will
be presented in a later paper.

Conclusions

When the conformity of the two sets is taken advantage of, the
acceleration form of the constraint equations is used with Kane’s
equations of motion. The resulting set of equations is effective in
describing complex constrained motion. This is because of its full-
order nature. As a result, it facilitates study of the effects of con-
straints on the behavior of the dynamic system, by comparing with
the correspondingbehavior of the same system without constraints.
Further advantages include that there is no loss of information, as
compared with the reduction of the dimension of the space of gen-
eralized speeds. The complexity is decreased relative to an analysis
using Lagrange multipliers. If the generalized speeds are chosen
such that the constraintmatrix is well defined for all configurations,
then the constrained inertia matrix inversioninvolved in the deriva-
tion is guaranteed for all values of configurations and velocities that
satisfy the constraints. Moreover, this is true without having to as-
sume that the constraint equations are linearly independent, so that
any set of constraint equations can be included without the need
to extract the largest independent set. The equations appear as first
order in generalized speeds and separated in the generalized ac-
celerations. With the kinematic differential equations, they form a
complete state-space representation of the system. Finally, explicit
expressions for constraint forces are derived without the introduc-
tion of auxiliary generalized speeds. This may complement existing
approaches based on introduction of auxiliary generalized speeds,
that s, fictitious degrees of freedom, or using Lagrange multipliers.
The symbolic manipulator computer program AUTOLEV™ has
been adapted to the present method and used to check the valid-
ity of the resulting equations of motion obtained in the examples
introduced. Simulation results confirm that the models are equiva-
lent. However, it is noticed that enforcing the constraint equations
at the acceleration level causes the numerical solutions of the re-
sulting equations of motion to be sensitive to the finite precision
and accuracy errors. Thus, it can cause continuous violations of the
constraintequations,especiallyin the case of holonomic constraints
because the equations are twice integrated to obtain the generalized
coordinates. A remedy to this problem has been formulated and will
be presented in a later paper.
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